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Abstract—This paper introduces a toolbox for model-based de-
tection, separation, and reconstruction of signals that is espe-
cially suited for biomedical signals, such as electrocardiograms
(ECGs) or electromyograms (EMGs). The modeling is based on
autonomous linear state space models (LSSMs), which are local-
ized with flexible windows. The models are fit to observations by
minimizing the squared error while the use of LSSMs leads to
efficient recursive error computations and minimizations. Multi-
section windows enable complex models, and per-sample weights
enable multistage processing or adaptive smoothing. This paper is
motivated by, and intended for, practical applications, for which
several examples and tabulated cost computations are given.

Index Terms—Linear state space models, recursive least squares,
windows, signal detection, signal interpolation, signal separation.

I. INTRODUCTION

THE problems of detecting, separating, and reconstruct-
ing signals from noisy observations are ubiquitous in sig-

nal processing. Accordingly, a wide range of signal processing
techniques has been developed and used for such tasks. In some
applications (e.g., speech detection and speaker separation), fre-
quency domain methods have been successfully used. In other
applications (e.g., digital communications [2]), the emphasis
is on statistical methods: beginning with a generative statisti-
cal model, practical algorithms implement (exactly or approxi-
mately) principled statistical estimation methods. However, the
statistical approach is not always feasible: practical estimation
algorithms exist only for specific model classes, and more funda-
mentally, the specification of a sufficiently expressive statistical
model may be elusive.
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In this paper, we describe a new approach whose development
has been driven by the needs of biomedical signals such as ECG
(electrocardiogram) signals, EMG (electromyogram) signals,
and many others. Such signals are often composed of short
pulses with characteristic shapes on top of a wandering baseline
with occasional jumps and with bursts of outliers of arbitrary
nature and scale. These different components need to be detected
and separated from each other. Moreover, the pulse shapes and
onsets need to be recovered as accurately as possible.

An overview of signal processing techniques for analyzing
ECG waveforms is given in [3], and similar techniques have
been used for other biomedical signals. Most such techniques
use some combination of linear filtering (including matched
filters [4], wavelets [5], or filter banks [6]) with some sort of
thresholding. However, all these methods have limitations, es-
pecially when noise and erratic baselines cannot be neglected.

For the kind of signals mentioned above, successful appli-
cations of principled statistical methods seem to be rare. Can-
didates for suitable statistical models include linear dynamical
systems with occasional model switches governed by a hidden
Markov model [7]–[9]. However, such models require many
parameters to be estimated, and even with fixed parameters,
the computations required for the actual estimation are com-
plex. A related approach was recently proposed in [10], [11],
where sparse jumps in linear state space models are handled
with normal priors with unknown variance. This latter approach
requires only recursions with quadratic cost functions (as in the
present paper), but the algorithms are iterative and computation-
ally more demanding than those of the present paper.

In this paper, we borrow the idea of state space models
from the mentioned statistical approaches; otherwise, we re-
main within a least-squares framework with local templates,
which is shown to be much more versatile than has been ap-
preciated in the literature. Unlike most of the statistical litera-
ture, we use autonomous linear state space models (LSSMs),
i.e., LSSMs without an input, which leads to efficient recursive
least-squares algorithms. In fact, the complexity of all algo-
rithms proposed in this paper is linear in the number of data
samples to be processed. The proposed algorithms all have the
same general structure: there is a single forward (in time) re-
cursion, there is an independent single backward recursion, and
then there are some additional per-sample computations that
combine the results of the two recursions. (This general struc-
ture is well-known, e.g., from the Baum–Welch algorithm for
hidden Markov models [12] or from the two-filter version of
Kalman smoothing [13]–[15].)
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Autonomous LSSMs encode sums and products of exponen-
tials, sinusoids, and polynomials (cf. [16]), all of which gener-
ically grow to infinity, either into the future or into the past. In
order for autonomous LSSMs to be useful for signal modeling,
we need localization: the state space model will be used only
locally, within some window around the current time index (but
the current time index runs over the whole time axis).

Localization is not a new idea: rectangular windows have al-
ways been used in naive template matching, localization with
a one-sided exponential window has been standard in recur-
sive least squares [17], [18], localized polynomial fitting with a
rectangular window is the very idea of the Savitzky–Golay filter
[19], [20], and localizing recursive least squares with a rectangu-
lar window was considered in [21], [22], see also [23] and [24].

In this paper, we go much further: elementary rectangular
and exponential windows are combined into multi-section
windows, and each section of such a window can use a different
LSSM. In this way, we effectively construct models composed
of several different LSSMs, each with its own window. In
addition, windows may have holes: for example, a window with
a hole can be used to detect arbitrary pulses or bursts of outliers
(cf. Section III-G2). Nonetheless, the computational complexity
remains linear in the number of data samples to be processed.

In addition, we will optionally use per-sample weights that
indicate the reliability of individual samples. Such reliability
information may be obtained and used in multi-stage processing
as follows: in the first stage, each sample is scored according
to how well it fits some given model (as will be detailed in
Section III-G2); these per-sample scores are then used to define
per-sample weights for the second stage of processing; and
so on.

Unequal per-sample weights can also be used for adaptation
to varying sampling rates, which in turn may arise from varying
signal dynamics as illustrated in Example V-D.

Combining these ideas—multi-section windows and models,
per-sample weights, and recursive least squares—we obtain a
versatile toolbox that we illustrate with several examples. Some
of these examples are mere toy examples (sacrificing practical
relevance for clarity of exposition), while Example V-C (ECG
baseline recovery, cf. Fig. 10) and Example V-D (signal recon-
struction from a quantized version of the signal, cf. Fig. 14) are
derived from real applications. In fact, the proposed approach
has been developed for practical needs and it has successfully
been used in a number of real applications in parallel with its
development.

The paper is structured as follows. Section II recalls localized
model fitting by squared error minimization as well as some
basics of autonomous LSSMs. In Section III, we combined
the ideas of window-based localization and per-sample weights
into cost segments and describe the recursive computation of the
corresponding cost. In Section IV, we combine such cost seg-
ments into multi-section composite costs and discuss their use.
In Section V, we illustrate the proposed methods with several
examples:

1) pulse detection in noise (Fig. 5),
2) separation of an unknown pulse from a baseline signal

(Figs. 7 and 8),

3) ECG baseline estimation (Figs. 10 and 11),
4) reconstruction of a signal from its quantized version

with smoothing adapted to the varying signal dynamics
(Figs. 13 and 14),

5) Morse code decoding from a received signal with noise
(Fig. 16).

The notation R+ and R∗+ will be used for the non-negative real
numbers and for the strictly positive real numbers, respectively.

II. A QUICK PRIMER

This section is a quick primer for any reader, not too familiar
with the topics of model fitting by error minimization and to the
use of autonomous time invariant state space models.

A. Model Fitting by Error Minimization

Let yi ∈ R with time index i ∈ {1, . . . ,K} be a given (ob-
served) signal with K ∈ N, K � 1 samples. Standard model-
based approaches intend to fit a desired signal model si(x),
i ∈ {1, . . . ,K}, with model parameter(s) x to the observations
by finding x̂ which minimizes the squared error (L2 norm), i.e.,

x̂ = argmin
x

K∑

i=1

(yi − si(x))2 . (1)

Then, the signal estimate is given by si(x̂). For instance, given
the observations yi plotted in black circles in Fig. 1(a), the signal
estimate using a sinusoidal model

si(x) = [a0 cos(Ωi)− a1 sin(Ωi)] , (2)

with known frequency Ω ∈ R+ but unknown model parameter
x = [a0 , a1 ]T ∈ R2 , is displayed with red dots.

The standard L2 norm used in (1) weights each sample
squared error equally. However, in many applications, it is of
great interest to introduce different weights for each sample.
Think of an observed signal where one can clearly distinguish
“bad” samples, e.g., due to intermittent noise. Let wi ∈ R+ ,
0 ≤ wi ≤ 1, denote an associated sample weight such thatwi is
close to zero for any very unreliable sample yi and wi is close
to one for very reliable samples. Then, (1) is modified to

x̂ = argmin
x

K∑

i=1

wi (yi − si(x))2 , (3)

which takes the sample weights into account. It is often possible
to associate a quality measure to each observed sample yi . For
example, in Fig. 1(a), the samples from time index 15 to 24 seem
to be outliers. Neglecting those bad samples when performing
signal estimation using sample weights wi leads to Fig. 1(b).
Note that the signal estimate si(x̂) (in red dots) almost coincides
with the observed samples y (in black circles), as opposed to
Fig. 1(a). Proceeding this way, this technique can also deal with
missing data or non-uniform sampling by introducing adequate
sample weights.

In other applications the signal model si(x) is only valid
within a certain window and not over the all time range. This
especially happens when different models switch within a signal
as in Fig. 2(a) where there is a clear model switch at time index
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Fig. 1. Examples of fitting a model s(x) to an observed signal y with or with-
out given sample weights by squared-error minimization. (a) Using unweighted
samples. (b) Using weighted samples with sample weights w.

17. Therefore, we would like to fit the observations with the
model only locally, i.e., we limit the signal estimation in an
interval with the limits k + a and k + b for some fixed a and
b ∈ Z, a ≤ b, located around an index k ∈ {1, . . . ,K}, leading
to minimizing the cost

x̂k = argmin
x

k+b∑

i=k+a

(yi − si−k (x))2 , (4)

where the signal model is shifted at a time index k of interest. In
Fig. 2(a), we display the estimated signal using this rectangular
window.

If we do not want to specify sharp window bounds, we can
alternatively use a two-sided exponentially-decaying window
of parameter γ ∈ R∗+ , 0 < γ < 1. Then, the signal estimation
boils down to the minimization of

x̂k = argmin
x

K∑

i=1

γ|i−k | (yi − si−k (x))2 . (5)

In Fig. 2(b), we display the estimated signal using this exponen-
tial window. More generally, a local fit with a window of any
shape can be obtained by minimizing

x̂k = argmin
x

K∑

i=1

αk (i) (yi − si−k (x))2 , (6)

where αk (i) ∈ R, 0 ≤ αk (i), is a window function located at
index k.

Finally, combining the local fit idea via a window function
with the use of sample weights, the general minimizing problem
of interest for signal estimation writes as

x̂k = argmin
x

k+b∑

i=k+a

αk (i)wi (yi − si−k (x))2 . (7)

All the different cases (1), (3), (4), (5) and (6) are special cases
of (7) and can be seen as time-dependent norms.

B. Autonomous State Space Models

The computation and minimization of all these proposed cost
functions, using a sliding window, are in general computation-
ally exhaustive. The use of state space models help to reduce
the complexity by having efficient recursive cost computations.

Fig. 2. Examples of fitting a model s(x) to an observed signal y by squared-
error minimization using a window. (a) Using a model with a rectangular window
over the interval with limits k + a and k + b, denoted as [[ka , kb ]], highlighted
at exemplary time index k = 22. (b) Using a model with a non-rectangular
window αk (i), highlighted at same exemplary time index.

We recall that the output sk of an autonomous (i.e., input free),
time-invariant state space system of order N given by

xk = Axk−1 +Buk (8)

sk = cxk (9)

with state-transition matrix A ∈ RN×N , output vector c ∈
R1×N , state vector xk ∈ RN×1 , input vectorBuk = 0 can gen-
erate a wide class of discrete-time signals, parameterized by an
initial state vector x0 . Such a signal can also be written as

sk (x0) = cAkx0 . (10)

For our example in (2), we use a system of order N = 2 and
assign

A =

[
cos Ω − sin Ω

sin Ω cos Ω

]
, c = [1, 0] , B = 0 , (11)

which leads, with x = [a0 , a1 ]T ∈ R2 , to

si−k (x) = cAi−kx (12)

= [a0 cos(Ω(i− k))− a1 sin(Ω(i− k))] . (13)

Further examples of autonomous state space systems are listed
in Table I.

In the following, we combine the ideas sketched in this sec-
tion. We use state space models along with time-dependent
weighted norms in order to enable recursive and efficient error
computation and minimization of cost functions of the general
form (7), with a complexity of O(N 2f), with N ∈ N the state
space system order and f ∈ R+ the time resolution or sampling
frequency.

III. COST SEGMENT: DEFINITION AND COMPUTATION

A. General Form and Properties

Given the observed signal yi ∈ R and associated quality mea-
sure sample weights wi ∈ R + , for i ∈ Z, we look at the cost

k+b∑

i=k+a

αk+δ (i)wi (yi − si−k (x))2 (14)
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for k ∈ Z, with bounds a, b ∈ Z ∪ {±∞} and a ≤ b, the win-
dow weights αk (i) ∈ R∗+ , (i, k) ∈ Z2 with shift δ ∈ Z, and the
estimated signal sj (x) ∈ R, j ∈ Z, parameterized by a state
vector x.

In order to recursively and efficiently compute (14) the signal
estimate sj (x) and the window weightαk (i) need to be carefully
selected. For that purpose we model sj (x) with a deterministic
linear state space model of order N ∈ N, i.e.,

sj (x) = cAjx, j ∈ Z (15)

with output vector c ∈ R1×N , state-transition matrix A ∈
RN×N , initial state vectorx ∈ RN×1 at j = 0. A list of common
and often used models is given in Table I.

Concerning the window weights we focus on sequences sat-
isfying the properties

{
αk (k) = 1

αk+1(i) = γ−1
k+1αk (i),

(16)

for all (k, i) ∈ Z2 and for some fixed coefficients γj ∈ R∗+ ,
j ∈ Z. By induction, we can prove that for any k ∈ Z and
i ∈ Z, we have

αk (i) =

∏+∞
j=k+1 γj∏+∞
j=i+1 γj

=

⎧
⎪⎪⎨

⎪⎪⎩

∏k
j=i+1 γ

−1
j if i < k,

∏i
j=k+1 γj if i > k,

1 if i = k.

(17)

Note that for any k ∈ Z, the ratio

αk (i+ 1)
αk (i)

=
α0(i+ 1)
α0(i)

= γi+1 (18)

between the window weight at i+ 1 and i is independent of
k, which implies that the ratio between any window weights is
independent of k. In the particular case where γj = γ, for all
j ∈ Z, we have

αk (i) = γk−i . (19)

Using the estimate sj (x) as in (15) and the window weights
(16), we get the parameterized cost segment

Jba (k, x, θ) =
k+b∑

i=k+a

αk+δ (i)wi
(
yi − cAi−kx

)2
(20)

with x ∈ RN×1 and parameter set θ = (c, δ,α) where c ∈
R1×N , δ ∈ Z and α = [αk (i)](k,i)∈Z2 . This cost can be re-
cursively and efficiently computed as shown in the next section.
Note that the shift δ introduced in (20) leads to the normalization
αk+δ (k + δ) = 1 for all (k, δ) ∈ Z2 . This normalization helps
in designing suitable windows.

B. Recursive Cost Computation

Expanding (20), the cost segment can be parameterized as

Jba (k, x, θ) = xTWkx− 2xTξk + κk (21)

with

Wk =
k+b∑

i=k+a

αk+δ (i)wi
(
Ai−k)T

cTc
(
Ai−k) ∈ RN×N (22)

ξk =
k+b∑

i=k+a

αk+δ (i)wiyi
(
Ai−k)T

cT ∈ RN×1 (23)

κk =
k+b∑

i=k+a

αk+δ (i)wiy2
i ∈ R . (24)

Additionally, we here introduce (for later use)

νk =
k+b∑

i=k+a

αk+δ (i)wi ∈ R (25)

ϕk =
k+b∑

i=k+a

αk+δ (i) ∈ R (26)

with νk the number of weighted samples in the window and ϕk
the area of the window.

The window weight properties in (16) lead to two recursive
ways to compute Wk , ξk , κk and νk : either as a forward (from
k to k + 1) or as a backward (from k to k − 1) recursion. Let
use the short notation ka = k + a, kb = k + b and kδ = k + δ.
Then, the forward recursion is

Wk+1 = γ−1
kδ +1A

−TWkA
−1

− αkδ +1(ka)wka
(
Aa−1)T

cTc
(
Aa−1)

+ αkδ +1(kb + 1)wkb +1
(
Ab
)T
cTc
(
Ab
)

(27)

ξk+1 = γ−1
kδ +1A

−Tξk

− αkδ +1(ka)wka
(
Aa−1)T

cTyka

+ αkδ +1(kb + 1)wkb +1(Ab)TcTykb +1 (28)

κk+1 = γ−1
kδ +1κk − αkδ +1(ka)wka y

2
ka

+ αkδ +1(kb + 1)wkb +1y
2
kb +1 (29)

νk+1 = γ−1
kδ +1νk − αkδ +1(ka)wka

+ αkδ +1(kb + 1)wkb +1 . (30)

The backward recursion is

Wk−1 = γkδ A
TWkA

+ αkδ −1(ka − 1)wka −1 (Aa)T cTc (Aa)

− αkδ −1(kb)wkb
(
Ab+1)T

cTc
(
Ab+1) (31)

ξk−1 = γkδ A
Tξk

+ αkδ −1(ka − 1)wka −1 (Aa)T cTyka −1

− αkδ −1(kb)wkb (A
b+1)TcTykb (32)
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TABLE I
SOME STATE SPACE MODELS

κk−1 = γkδ κk + αkδ −1(ka − 1)wka −1y
2
ka −1

− αkδ −1(kb)wkb y
2
kb

(33)

νk−1 = γkδ νk + αkδ −1(ka − 1)wka −1

− αkδ −1(kb)wkb . (34)

The recursions forϕk are easily obtained from the recursion of
νk by consideringwk = 1 for k ∈ Z, and thus, are not explicitly
stated.

In order to compute the cost (20) for all k ∈ {k0 , . . . ,K},
k0 ∈ Z, K ∈ Z, the forward recursion begins at k =
k′ = min (k0 − b, k0)− 1, and the backward at k = k′ =
max (K − a,K) + 1, with initial values Wk ′ = 0, ξk ′ = 0,
κk ′ = 0, νk ′ = 0, ϕk ′ = 0. Wherever yk is an observation out
of range, e.g., k < k0 or k > K, we set wk = 0 (and thus
ykwk = 0). The recursion and initialization of αk (·) are already
implied in (16) or (18).

C. Some Choices of Window Functions

For now, we assume that the sample weights wi , i ∈ Z are
given a priori. Then, it remains to select the parameters γj of
the window weights (see (16)), j ∈ Z, which is actually not
convenient.

Therefore, we introduce the effective sample number as

←−g k =
k+δ∑

i=−∞
αk+δ (i)wi (59)

or

−→g k =
+∞∑

i=k+δ

αk+δ (i)wi , (60)

(if any is bounded) that corresponds to the weighted number of
samples in the window to the left or right of k + δ. The choice
of the bound k + δ in these two sums usually coincides with
k + a for right-sided windows or k + b for left-sided windows.
However, we intentionally do not restrict it to these two values.

Note that←−g k for the left-sided window satisfies the following
recursive relation

←−g k+1 = γ−1
k+δ+1

←−g k + wk+δ+1 (61)

and −→g k for the right-sided window

−→g k−1 = γk+δ
−→g k + wk+δ−1 . (62)

In fact, we are interested in a fixed effective sample number,
i.e.,←−g k = g or−→g k = g independent of k. We prefer to select g
instead of γk . For weighted samples (wi ∈ R+ , i ∈ Z), g is the
fixed point of (61) or (62), and thus, γk is function of wk .

For unweighted samples (wi = 1, i ∈ Z), an exponential
window is generated with γk = γ �= 1, for all k ∈ Z. Then,
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TABLE II
SELECTION OF COST SEGMENTS – USING CONSTANT WINDOW DECAY

TABLE III
SELECTION OF COST SEGMENTS – USING ADAPTIVE WINDOW DECAY
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TABLE IV
SOME WINDOW FUNCTIONS

αk (i) = γk−i and

←−g =
k+δ∑

i=−∞
αk+δ (i) =

1
1− γ−1 (63)

−→g =
+∞∑

i=k+δ

αk+δ (i) =
1

1− γ . (64)

Again, we are interested in a fixed effective sample number
and thus, assign ←−g = g or −→g = g. The relation to γ for any
selected g > 1 immediately follows. A summary of choices for
γk and γ, respectively, by selecting g is given in Table IV.

The use of a rectangular window (see Table IV) might lead to
numerical instabilities. Thus, we recommend to use a window of
constant decay with a fairly large g instead. Furthermore, note
that for numerical stability the selection of a left- or right-sided
window area already implies the direction of the recursions, i.e.,
a left-sided window leads to a forward recursion and vice versa.

In both cases, using weighted or unweighted samples, we
are guaranteed that the cost function takes g effective samples
into account. In particular, for weighted samples, in regions
where wi is small, the window weights αk+δ (i) stretches to
cover more past samples whereas in regions where wi is big
enough, the window weights αk+δ (i) shrinks and covers only
recent samples.

An alternative justification for this approach is given by
the statistical modeling theory. Assigning the sample variance
σ2
i = w−1

i ∈ R∗+ to the sample yi , fixing the effective sample
number is equivalent to fixing the variance of the associated
cost segment.

In practice, the cost segment bounds a or b are often set to 0
or ±∞, leading to simplifications in the recursions (27)–(33).
A list of recursions for common bounds is given in Table II
with constant window decay (γk = γ, independent of k) and in
Table III with adaptive window decay (γk , depending on k).

D. Relative Sample Density

We define the relative sample density as

φk =
νk
ϕk
∈ R . (65)

TABLE V
SOME COMMON COST MINIMIZATIONS

The relative sample density is a local measure of the relative
number of weighted samples considered in the current window
and depends on the sample weights wi . Note that since 0 ≤
wj ≤ 1, j ∈ Z, we have φk ∈ [0, 1]. (Within this context, we
could also denote νk as the sample density.)

E. Model Fitting by Cost Minimization

For most of the signal separation or detection tasks, the cost
Jba (k, x, θ) in (21) needs to be minimized with respect to the
constrained or unconstrained state vector x for a fixed index k.
Here we focus on linear constraints, i.e.,

x = Hv + h (66)

with fixed H ∈ RN×M and h ∈ RN×1 and with unknown v ∈
RM×1 . Thus, using (21) we have

v̂k = argmin
v∈RM

Jba (k,Hv + h, θ) (67)

= argmin
v∈RM

(
vTHTWkHv − 2vTHT(ξk −Wkh)

)
(68)

= (HTWkH)−1HT(ξk −Wkh) , (69)

where for the last step from (68) to (69) the derivative with
respect to v is computed and set to zero. A summary of common
optimization problems derived from (69) is given in Table V.
Additional pertinent optimization problems are summarized in
[16, Chapter 6]. As is obvious e.g., from (71) in Table V, the
actual computation of (69) does not necessarily require a matrix
inversion. Some important cases where the matrix inversion in
(69) can be simplified are discussed in Section III-H.

F. Detection Using Error Ratios, Cost Ratios

We want to robustly detect the occurrence of certain events
(e.g., pulses with some characteristic shapes or model switches)
characterized by the set X1 of allowed states, in contrast to the
alternative set X2 , in a single-channel signal. For that purpose,
we introduce error ratios.

The per-sample error ratio between a first cost segment, Jba
with model parameters θ1 and a second, alternative cost segment,
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Fig. 3. Toy example of model switch detection using log-cost ratios.
(a) Observations y (black circles) generated by two alternating sinusoidal models
of different frequencies; trajectories at detected model switches from model 1,
s1 (x̂k ) (red line), to model 2, s2 (x̂k ) (blue line), at index k = 19, and from
model 2 to model 1 at index k′ = 36. (b) Log-cost ratio LCR1→2 (solid line) de-
tecting switches from model 1 to model 2, and LCR2→1 (dashed line) detecting
switches from model 2 to model 1.

J̄ ba with model parameters θ2 is

rk =
min
x1 ∈X1

1
ν

( 1 )
k

Jba (k, x1 , θ1)

min
x2 ∈X2

1
ν

( 2 )
k

J̄ ba (k, x2 , θ2)
∈ R+ , (73)

with ν(1)
k (resp. ν(2)

k ) the number of weighted samples in the first
(resp. second) cost segment. Wherever the two cost segments
have the same and non-adaptive windows, (73) simplifies into
the error ratio

qk =
min
x1 ∈X1

Jba (k, x1 , θ1)

min
x2 ∈X2

J̄ ba (k, x2 , θ2)
∈ R+ . (74)

In statistical theory, this ratio, up to irrelevant constants, is
actually interpreted as a likelyhood ratio between two hypothe-
ses, cf. [16]. In analogy, we introduce the log-cost ratio (LCR).
The LCR between two models is

LCRk = −1
2

log
min
x1 ∈X1

1
ν

( 1 )
k

Jba (k, x1 , θ1)

min
x2 ∈X2

1
ν

( 2 )
k

J̄ ba (k, x2 , θ2)
, (75)

and using (73)

LCRk = −1
2

log(rk ) , (76)

or using (74)

LCRk = −1
2

log(qk ) . (77)

We note, that the local minima of the error ratio coincides with
the local maxima of the LCR. Since the error ratios are better
displayed in a logarithmic scale, we subsequently use LCR’s
instead of error ratios. As a side remark, the normalized error
ratio as in (73) is also known as the sample entropy in statistical
theory.

G. Model Switches and Outliers

1) Model Switch Detection: Let y ∈ RK ,K ∈ N be the ob-
servations of a signal generator switching between two different
models. Furthermore, let J0

a (k, x(1) , θ1) be the cost segment,
fitting the first model to the left of index k, and J̄ b1 (k, x(2) , θ2)
the cost segment, fitting the second model to the right of index

Fig. 4. Toy example of outlier detection. (a) Observations y with outliers.
(b) Log-cost ratio LCR∗ (solid line) with threshold for outlier detection (dashed
line). (c) Detected outliers y∗, remaining observations y0 , and local model fit of
model s(x̂k ) with state estimate x̂k around index k = 23 (red dashed line). This
example uses a model of a decaying sinusoidal with cost segment parameters:
a = −∞, ā = −3, b̄ = 3, and b = +∞.

k; both with bounds a, b ∈ Z ∪ {±∞}, a ≤ 0 < b, but individ-
ual state vectors x(1)

k ∈ X1 and x(2)
k ∈ X2 , and with individual

model parameters θ1 and θ2 . To detect switches from model 1
to model 2, we compute the log-cost ratio

1→2
LCRk = −1

2
log

(min
x∈X1

J0
a (k, x, θ1) + min

x∈X2
J̄ b1 (k, x, θ2)

min
x∈X1

Jba (k, x, θ1)

)

(78)

for all indices k. At abrupt model changes, this LCR should
rise. Thus, we extract the local maxima from the LCR using any
common peak detector algorithm. An illustrative example with
two sinusoidal signals of different frequencies is given in Fig. 3.

2) Outlier Detection: Let y ∈ RK , K ∈ N be the observa-
tions and Jba (k, x, θ) the cost segment fitting the signal around
index k with bounds a, b ∈ Z ∪ {±∞}, a ≤ b, with state vec-
tor xk ∈ X , and model parameters θ. We want to identify all
samples in y not following that model (and to exclude them
from further processing steps, i.e., to treat them as outliers). To
do so, we compare at any index k the fitting error of the cost
segment with bounds a and b to the fitting error of a cost seg-
ment with a gap spanning the subinterval {ā+ 1, . . . , b̄− 1},
ā, b̄ ∈ Z, a ≤ ā ≤ b̄ ≤ b, i.e., we consider the log-cost ratio

LCR∗k = −1
2

log

( 1
νā +νb̄

(
Jāa (k, x̂k , θ) + Jb

b̄
(k, x̂k , θ)

)

1
ν0
Jba (k, x̂k , θ)

)

(79)

using the cost (sub)segments Jāa , Jb
b̄
, and Jba with corresponding

numbers of weighted samples νā , νb̄ , and ν0 (cf. (25)) and with
the localized state estimate

x̂k = min
x∈X

(
Jāa (k, x, θ) + Jbb̄ (k, x, θ)

)
. (80)

Finally, to identify the outliers, we apply a threshold on the
LCR∗k in (79).

Note that the selection of the subinterval does not restrict
the outlier detection to a particular outlier position or outlier
burst length, but rather controls the time scale of the detection
method: short intervals preferably detect single outlier samples
while wider intervals have their preference on outlier bursts.



3776 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 66, NO. 14, JULY 15, 2018

TABLE VI
INSTANCES OF COMPOSITE COSTS

Thus, the interval borders ā and b̄ are tuning parameters and
its selection is not too critical to obtain valid result. A simple
outlier detection example detecting outliers of different burst
length with using a constant subinterval length is given in Fig. 4.

3) Sample Weights for Subsequent Processing: So far, we
have considered the sample weights wi to be given along with
the observations, e.g., as the output of an initial processing step.
While there exist many methods and strategies to obtain mean-
ingful sample weights, we have discussed in Section III-G1 and
Section III-G2 two methods based on our approach, suitable to
empirically obtain such sample weights. The immediate appli-
cation of these two approaches is given in Example V-B and in
Example V-C.

H. Remarks on the Cost Computation

The computational complexity of FIR filters scales linearly
with the filter length L ∈ N and linearly with the observation
signal length K, leading to the complexity O(KL). Thanks to
the use of autonomous linear state space systems of order N ∈
N, the effort to compute the proposed time-dependent weighted
L2 norms in its general form as in (14) reduces to the complexity
O(KN 2) (cf. also [25]). Note that in any practical application
N � L and that the complexity of the proposed method is
independent of the window parameters; for windows of finite
support, it is, thus, independent of the window length.

I. Remarks on the Cost Minimization

The minimization of (69) may require to solve a system of
linear equations. As this minimization simplifies in many im-

portant special cases of (14), we provide next a (non-exhaustive)
list of such simplifications:

1) Recursive Inversions of Wk : To efficiently compute the
inverse of Wk+1 as in (51) (and correspondingly the inverse of
Wk−1 as in (55)), we apply the matrix inversion lemma, leading
to a recursive form for the inverse of Wk avoiding any matrix
inversions. For the forward recursion k ∈ {1, . . . ,K}, we get

W−1
k+1 = Gk − wkb +1Gkc

TcGk

1 + wkb +1cGkcT (81)

with

Gk = −→γ kδ +1AW
−1
k AT. (82)

A corresponding formula holds for the inverse ofWk−1 using
backward recursions.

2) Precomputation of Wk (and Its Inverse): If all parameters
are independent of k, i.e.,wk = w and γk = γ (cf. Table II), then
the recursions for Wk as in (27) and (31) lead to a steady state.
As such, when Wk+1 = Wk , equations (27) and (31) result in
a Lyapunov equations [14, Appendix D]. As an immediate con-
sequence, Wk converges as k →∞ and is easily precomputed
offline, along with the matrix inversion in (69).

3) Independence of ξk and Wk (and Its Inverse) From the
State Vector: The values ξk and Wk are independent of the
initial state vector x, as obvious from the expanded cost segment
(21). This leads to reduced computational burden, whenever
we need to compute multiple cost segments sharing a common
LSSM and common window parameters: All these cost segments
then also share the quantities ξk and Wk , and, depending on the
minimization constraints, also the inverse in (69). An example
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TABLE VII
SELECTION OF WINDOW WEIGHTS SUPERPOSITIONS

of this kind is the detection of multiple ECG shapes as in [1,
Section 4.2].

IV. COMPOSITE COSTS

The cost segment Jba (k, x, θ) in (20) is nicely computable,
but only allows the use of a single model (c,A, x) and a single
window satisfying (16). Thus, to circumvent those restrictions,
we join several such cost segments together and create a more
versatile cost, called composite cost.

We define P ∈ N cost segments of respective parameters
θp =

(
cp , δ

(p) ,α(p)
)

and boundaries ap ∈ Z ∪ {−∞}, bp ∈
Z ∪ {+∞}, ap ≤ bp , p ∈ {1, . . . , P} leading to the general
form of a composite cost

J̃(k, x,Θ) =
P∑

p=1

vpJ
bp
ap (k, x, θp) , (83)

with Θ = (θ1 , θ2 , . . . , θP ) and the segment scalars vp ∈ R.

Since each cost segment Jbpap (k, x, θp) has its recursive com-

putation as in Section III-B with quantities W (p)
k , ξ

(p)
k and κ(p)

k ,
the composite cost J̃(k, x,Θ) is obtained according to (21),
using the substitutes

Wk =
P∑

p=1

vpW
(p)
k (84)

ξk =
P∑

p=1

vpξ
(p)
k (85)

κk =
P∑

p=1

vpκ
(p)
k . (86)

In addition, we have

νk =
P∑

p=1

vpν
(p)
k (87)

ϕk =
P∑

p=1

vpϕ
(p)
k . (88)

Note that definition of the composite cost is carefully chosen:
while each cost segment has its individual observation vector cp
and window α(p) , the state-transition matrixA, the state vector
x, and the time index k are in common for all cost segments.
(This is not a loss in generality, as multiple models are easily
stacked (cf. Model Superposition in Table VI), and using the
introduced index shift δ accordingly shifts each cost segment
to a common index k.) As an immediate consequence, Table V
also minimizes the composite cost as in (83). This is proven as
follows: we write all cost segments in (83) in their parameterized
forms as in (21); then we apply the substitutes (84)–(86), leading
again to a form as in (21) which is minimized by (69).

A. Instances of Composite Costs

Instances of composite costs are applications of the general
form (83). A summary of such instances is given in Table VI.
Since a composite cost is a linear combination of cost segments,
all linear combinations of composite costs are also composite
costs, which allows us recursive use.

Table VII further highlights particular applications of the in-
stance window weights superposition form Table VI, denoting
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the linear combination of window weights as

α̃k (i) =
Q∑

q=1

vqα
(q)
k+δq (i) . (89)

As a side remark, the linear combinations of window weights
is also valid for windows with adaptive decay if we substitute←−
G(g) by

←−
G(g, wk ) and

−→
G(g) by

−→
G(g, wk ) (cf. Table IV).

Two more involved examples of composite costs with direct
applications are given in the following subsection.

B. Multi-Time-Scale

In many applications, sensor signals are a superposition of
multiple source signals, including interference signals. Most
likely, not all sources share the same time scale. Therefore,
separation methods should exploit this feature and deal with
superimposed models of variable time scale.

Assume we have M ∈ N source signal and each source is
described by its parameters (Am , cm , x

(m )), m ∈ {1, . . . ,M}.
As we can adjust the models’ time scale by adjusting the seg-
ment bounds, as well as the window weights, we propose two
approaches: the first one assigns each model to specific inter-
vals, the second one assigns each model to a specific window
weight function.

Subsequently, we use the block diagonal matrices C =
diag (c1 , . . . , cM ) and A = diag (A1 , . . . , AM ), and the vec-
tor xT =

[
(x(1))T · · · (x(M ))T

]
.

1) Time-Scaled by Interval Limits: Each model being active
in specific intervals, we rearrange the time axis into P ∈ N
non-overlapping segments, such that the assignment matrix Λ ∈
{0, 1}P ×M is well defined and Λm,p = 1, indicates that model
“m” is active in segment “p”.

Each cost segment is characterized by its lower and up-
per bounds ap ∈ Z and bp ∈ Z, ap ≤ bp , bp < ap+1 , and
with the associated window weights α(p) . We define θp =(
ΛpC, δp ,α

(p)
)

with Λp ∈ R1×M the pth row of Λ, such that
all models active in the pth segment are selected. Hence, we get
a composite cost

J̃(k, x,Θ) =
P∑

p=1

J
bp
ap (k, x, θp) , (90)

as an instance of (83) with Θ = (θ1 , . . . , θP ). Note that the
very left and the very right segment might be of infinite length
(a1 = −∞ or bP =∞).

2) Time-Scaled by Window Weights: For each linear state
space model of parameters (cm ,Am , x

(m )) we associate its own
window weights α(m )

k (i), for m ∈ {1, . . . ,M}. We are inter-
ested in computing and minimizing the following cost function

Jba (k, x, δ) =
k+b∑

i=k+a

wi

M∑

m=1

[(
α

(m )
k+δ (i)− α(m−1)

k+δ (i)
)

·
(
yi −

M∑

j=m

cm (Am )i−kx(m )
)2
]
, (91)

Fig. 5. Detection of cosine pulses in noisy sensor signal as in Example V-A.
(a) Sensor signal y with example cosine pulse estimate ŷi (k) as in (95) evaluated
for highlighted time index k = 2000. (b) Rectangular window with interval
limits k + a and k + b, denoted as [[ka , kb ]], also evaluated for highlighted
time index k. (c) LCR as in (93) with detected peaks (rectangular marks).
(d) Estimate of scaling factor vk as in (94).

with α
(0)
k+δ (i) = 0, for all k and i. This cost form is in-

spired by thinking of α(m )
k (i) as rectangular windows, re-

vealing the analogy to Section IV-B1 above. Then, defining
Tm = [ 1 · · · 1︸ ︷︷ ︸

m

0 · · · 0 ], the cost (91) can also be written as

Jba (k, x, δ) =
k+b∑

i=k+a

wi

M∑

m=1

[(
α

(m )
k+δ (i)− α(m−1)

k+δ (i)
)

· (yi − TmCAi−kx
)2
]
. (92)

Note that all the models are active over the same (finite or
infinite) interval, but with different window weight sequences.
As a second side remark, defining T to successively activate the
models, i.e., to an upper triangular matrices as proposed, is a
reasonable selection for many applications but not compulsory.

With θm,ψ =
(
TmC, δ,α

(m−ψ )
)
, ψ ∈ {0, 1}, we get a

composite cost as in (83) with Θ = (θ1,0 , θ1,1 , θ2,0 , θ2,1 ,

. . . , θM ,0 , θM ,1). Finally, the composite cost J̃ ba (k, x,Θ) is eas-
ily computed and minimized as in Section IV. In practice, a
common shift δ for all window weights m ∈ {1, . . . ,M}, as
proposed in this approach, is sufficient. Nevertheless, the gen-
eralization from δ to δm is straightforward.

V. EXAMPLES

A. Pulse Detection

Problem: In this example, we observe, after sampling at sam-
pling rate fs , a noisy sensor signal yk ∈ R for k ≥ 1, containing
non-overlapping finite-duration cosine pulses uj = cos(Ωj),
j ∈ Z,− π

Ω ≤ j ≤ π
Ω , Ω = 2π f0

fs
, of pulse frequency f0 . We

want do detect these non-overlapping, repetitive pulses and es-
timate their amplitude (cf. Fig. 5).
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Fig. 6. Two composite costs providing the LCR (96) in Example V-B.
(a) Composite cost J̃0 consisting of two cost segments fitting to the baseline
signal to the left or the right of an assumed interjacent pulse of unknown shape.
(b) Composite cost J̃1 consisting of three consecutive cost segments fitting to a
continuous baseline signal (i.e., no interjacent pulse assumed).

Solution: We use a cosine model with A and c according
to Table I with ρ = 1 and a single finite support cost segment
Jba (x, k, δ) with a = −�π/Ω�, b = �π/Ω� and δ = 0 according
to Table II, and an exponential window weight αk (i) with a
sufficiently large g, leading to nearly rectangular window shape
with guaranteed computational stability. We use forward com-
putation starting according to Section III-B at k = −b and pro-
ceed using (43)–(46). Furthermore, we localize the pulses by
performing peak detection on the log-cost ratio

LCRk = −1
2

log
min
v
Jba (k,Hv, θ)

Jba (k, 0, θ)
, (93)

using the shape amplitude estimate v ∈ R (linear scaling)

vk = argmin
v

Jba (k,Hv, θ) , (94)

withH = [1, 0]T. The signal estimate obtained at index k is then
given by

ŷi(k) = si−k (Hvk ) = cAi−kHvk . (95)

B. Separation of Unknown Pulses From
Baseline Signal

Problem: We want to estimate pulses of known width 2Δ,
Δ ∈ N + but unknown pulse shape from noisy observations
yi = yi + zi , i ≥ 1 (with noise-free signal yi ∈ R and additive
white Gaussian noise zi ∈ R).

Solution: We choose an approach with 2 processing steps. In
a first step (I), we estimate the positions of the pulses. In the
second step (II), we extract the interference signal.

We use a composite cost of Non-Overlapping Segments (cf.
Section IV-A) with a single model and three segments. The
model of parameters (A, c) is a cubic polynomial for fitting the
interferences (cf. Table II). We define the segments as:

Fig. 7. Estimation of baseline signal ŷ superimposed on a noisy signal of
non-symmetric pulses as in Example V-B. (a) Observed signal y and estimated

interference after applying 2nd processing step (ŷi = ŷ
(II)
i = cx

(II)
i ). For com-

parison, baseline estimates ŷ1.5 Hz and ŷ3.5 Hz using an IIR filter (2nd order
high-pass butterworth filter, run forward and backward with corner frequencies
1.5 Hz and 3.5 Hz, respectively) are additionally displayed. (b) Sample weights

w(I) and window weights α(I)
k

(at time index k = 1300) of first processing step.
(c) LCR as in (96) used for pulse detection in the 1th processing step. (d) Sample

weights w(II) and adaptive window weights α(II)
k

(at time index k = 1300) of
second step.

Fig. 8. Pulses extracted using the method as proposed in Example V-B work-
ing on weighted samples, in comparison to a high-pass IIR filter (2nd order
high-pass butterworth filter, run forward and backward with corner frequencies
1.5 Hz and 3.5 Hz, respectively). Signal yref is the noise-free and interference-

free reference pulse signal, ŷi = ŷ
(II)
i = cx

(II)
i the estimate from our method

using a polynomial interference model, and ŷ1.5 Hz and ŷ3.5 Hz the IIR filtered
signals displayed for comparison.

Segment 1 and 2 are computed forward and segment 3 back-
ward. Note that the cost segments 1 and 3 use a window of
adaptive decay (Table IV).

For processing step (I), we set the sample weight of that
step to 1, i.e., w(I)

i = 1, i ≥ 1. Furthermore, we denote θp , p ∈
{1, 2, 3}, the parameters of the pth cost segment, and define the
parameter sets Θ0 = (θ1 , θ3) for the composite cost J̃ (I)

0 and

Θ1 = (θ1 , θ2 , θ3) for J̃ (I)
1 (cf. Fig. 6(a) and Fig. 6(b)). Then,

we get the state vector x(I) by minimizing J̃ (I)
0 (k, x,Θ0) over

x unconstrained.
To finally estimate the positions of the qth pulse, denoted

as iq , q ∈ N, in the first step, we use a peak detection on the
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Fig. 9. Single composite cost J̃ (II) consisting of three consecutive cost seg-
ments of baseline model (A1 , c1 ) in the lower row and a single cost segment of
a signal model (A2 , c2 ) in the upper row, as in Example V-C.

log-cost ratio

LCRk = −1
2

log
1
ν0
J̃

(I)
0 (k, x(I) ,Θ0)

1
ν1
J̃

(I)
1 (k, x(I) ,Θ1)

. (96)

For processing step (II), we set the sample weight of that step
such that w(II)

i = 0 for |i− iq | ≤ Δ and w(II)
i = 1 otherwise.

Then, we compute J̃ (II)
1 (k, x,Θ1) and get x(II) by unconstrained

minimization. The interference estimate is then ŷi = ŷ
(II)
i =

cx
(II)
i and thus, the pulse signals (with Gaussian noise) is yi − ŷi .
To measure the performance, we compare our method with

an IIR filter (2nd order high-pass butterworth filter, run forward
and backward). Selecting corner frequencies of IIR filters al-
ways leads to a trade-off between interference fit and signal
deformation. Fig. 7 shows an overview of the two processing
steps of our algorithm, and Fig. 8 a detailed view comparing our
method to standard IIR filters.

C. ECG Signal Baseline Recovery

Problem: ECG signals are commonly superimposed with
multiple artifacts, e.g., caused by motion and muscular ar-
tifacts. However, for many medical applications and diagno-
sis, a proper recovery of the baseline of an electrocardiogram
(ECG) signal is essential. For example, the elevation of the ST-
segment (signal level in between the QRS and the T-wave) is
an important criteria for a myocardial infarction, so called ST
elevation myocardial infarction (STEMI). To remove the base-
line signal with only minimal alterations of the ECG signal,
high-pass filters with a corner frequency of 0.05 Hz are com-
monly used [26]. But ambulatory ECG devices often show sig-
nals with strong baseline artifacts, requiring high-pass filters
with corner frequency 0.5 Hz, which, in turn, prohibits a valid
ST-segment evaluation. In the following, we want to extract
the baseline of such an ambulatory ECG signal using our pro-
posed method, while preserving the ECG signal shape as good
as possible. We compare the result with the output of zero-
phase IIR filters, i.e., IIR filters applied in forward and reverse
direction.

Solution: Let yk , k ≥ 1 be a sequence of an ECG signal su-
perimposed with strong baseline interferences. We again chose

Fig. 10. Baseline extraction of ECG signal y as in Example V-C. (a) Observed

ECG signal y and baseline estimate of the second processing step ŷi = ŷ
(II)
i =

cx
(II)
i . (b) Sample weights w(I) and window weights α(I)

k
of first step. (c) LCR

(solid line) with detection threshold (dashed line) of the first step. (d) Sample

weights w(II) and adaptive window weights α(II)
k

of second step.

Fig. 11. Comparison of our method with a two-sided high-pass butterworth
IIR filter of 2nd order, as in Example V-C. (a) IIR filtered signal ỹ0 .5 Hz and
ỹ2 .0 Hz with filter corner frequencies at 0.5 Hz and 2.0 Hz, signal estimates from

the polynomial interference model ŷi = ŷ
(II)
i = cx

(II)
i . (b) Comparison of the

baseline-reduced ECG signals.

an approach with two processing steps. In the first step (I),
we extract the positions of cardiac activity using a cubic poly-
nomial model (A1 , c1) with three segments and parameter Δ
as in Example V-B. We again compute the LCR and set the
sample weights w(I )

i = 0 for any LCR value exceeding a fixed
threshold. To improve the detection of close-by cardiac activ-
ities, we repeat the process of step (I) once more, using an
updated w(I )

i .



WILDHABER et al.: WINDOWED STATE-SPACE FILTERS FOR SIGNAL DETECTION AND SEPARATION 3781

Fig. 12. Single composite cost J̃ consisting of two consecutive cost segments
of single model (A, c), forming a continuous polynomial model with a two-
sided exponentially decaying window, as in Example V-D.

Fig. 13. Reconstruction of a test signal from its quantized version controlled
by the speed of changes in the signal as in Example V-D. (a) (Non-quantized)
Reference signal (dashed line) and corresponding quantized signal y. (b) Adap-
tive signal estimate ŷk = ŷ(II)

k
= cx̂(II)

k
reconstructed from quantized signal

y, using adaptive window decay controlled by the relative sample density φ.
(c) Non-adaptive signal estimate ỹ reconstructed from quantized signal y, using
a constant window decay. (d) Relative sample density φ.

For the second step (II), we use two models in three seg-
ments, as shown in Fig. 9, resulting in a composite cost J̃ (II) .
While model (A1 , c1) still corresponds to the interference sig-
nal, model (A2 , c2), also a cubic polynomial, smooths the signal
locally over a rectangular window of 2Δ samples.

The resulting interference estimate ŷi = ŷ
(II)
i = cx

(II)
i shows

a clear improvement of the fit to the signal baseline, in compari-
son to IIR filters. Selecting the corner frequencies for IIR filters
leads to a trade-off between baseline fit and signal deformation.
A comparison is given in Fig. 10 with detailed view in Fig. 11.

D. Reconstruction of a Signal From Its Quantized Version

Problem: Let yk ∈ {. . . ,−2Δ,−Δ, 0,Δ, 2Δ, . . .} be a given
quantized signal for k ≥ 1, quantized with the step size Δ ∈
R∗+ . We wish to reconstruct the unquantized signal, as demon-
strated in Fig. 13 for a test signal, and in Fig. 14 for a real ECG
signal.

Note that this problem setup is directly related to the interpo-
lation of non-uniformly sampled data.

Fig. 14. Reconstruction of an ECG signal from its quantized version con-
trolled by the speed of changes in the signal as in Example V-D. The horizontal
grid corresponds to quantization levels. (a) (Non-quantized) Reference ECG
signal (dashed line) and corresponding quantized signal y. (b) Adaptive signal
estimate ŷk = ŷ(II)

k
= cx̂(II)

k
reconstructed from quantized signal y, using adap-

tive window decay controlled by the relative sample density φ. (c) Non-adaptive
signal estimate ỹ reconstructed from quantized signal y, using a constant win-
dow decay. (d) Used relative sample density φ.

Solution: We process the signal in two steps. In step (I),
we only estimate a measure for the speed of changes in the
observed signal. Therefor we compute the sample density φk
for all k as in Section III-D using the auxiliary observation
signal y′k = yk − yk−1 and applying a two-sided exponential
window with a effective sample number g(I).

In step (II), we assign the sample density to the sample
weights, i.e., w(II)

k = φk and introduce a composite cost using
a polynomial model of order 3 with a two-sided exponential
window (Fig. 12) with g(II). Finally, we do an unconstrained
minimization (70) on this composite cost and get the desired
signal estimate ŷk = ŷ(II)

k = cx̂(II)
k . Note, that our adaptive es-

timate ŷk , controlled by the sample density, fits equally over
all the different sections of the signal. By contrast, an estimate
with fixed smoothing, labeled ỹ, only fits nicely at sections of
unique time scale, but fails otherwise (resulting in a “quanti-
zation pattern” on lower frequencies and “over-smoothing” on
higher frequencies) (Fig. 13(c)). In particular for the ECG sig-
nal, ŷ differs from ỹ mainly in two ways: on one hand ỹ does
not reach the full peak amplitude at the sharp peaks (QRS wave)
and, on the other hand, ỹ shows the “quantization pattern” in
slow parts, such as e.g., the T waves (Fig. 14). Further note, that
the proposed method is not sensitive to any amplitude scaling.

E. Morse Code Detection

Problem: We want do detect the symbol ‘L’ from the Morse
alphabet, i.e., (• − •• ), from a single channel sensor data yi ∈ R
for i ≥ 1. For the transmission, we assume an on-off modulated
oscillator running at constant frequency f0 , generating a pulse-
to-pause ratio of 1:2 for a dot, and a ratio of 1:4 for a dash (cf.
Fig. 16).
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Fig. 15. Single composite cost J̃ consisting of a total of eight cost segments
assigned to the pulse model (A1 , c1 ) in the lower row or to the pause model
(A2 , c2 ) in the upper row, as in Example V-E.

Fig. 16. Detection of Morse code symbol with additive white Gaussian noise
as in Example V-E. (a) Sensor signal with highlighted estimation of found Morse
code trajectory ŷi (k) = si−k (Hvk ) at index k. (b) Highlighted interval limits
of first cost segment, denoted as [[ka ( 1 ) , kb ( 1 )]] (black dashed line) and outline
of remaining cost segments intervals limits (gray dashed lines). (c) Log-cost
ratio.

Solution: Let Q = 4 be the number of Morse dots or dashes
in the symbol to detect and let t ∈ N be the discrete dura-
tion of a dot. We use a composite cost of non-overlapping
segments (cf. Table VI) with two models and 2Q segments
(Fig. 15). For the oscillator, we use a cosine model with A1
and c1 (cf. Table VI). For the pauses, we use a constant
model of parametersA2 = [1] and c2 = [1]. Then, the composite
cost is parametrized as A = diag (A1 , A2), C = diag (c1 , c2),
Λ = [I2 , . . . , I2 ] ∈ R2×2Q and the segments are such that:

We compute all segments in forward direction. Finally, as-
suming a fixed and known phase of the oscillator when the
code start, we constrain the state such that x = Hv with
H = [1, 0, 0]T and minimize over v ∈ R using (71). (In case
of an unknown initial phase, we use (70) with H = [I2 , 02×1 ]

T

and optimize over v ∈ R2 instead).
To decide the most likely symbol among multiple, we com-

pute the LCR for each symbol.

VI. CONCLUSION

We have proposed a versatile toolbox for detection, separa-
tion, and reconstruction of signals that was developed especially
for the analysis of ECGs and similar signals. Using autonomous
linear state space models leads to efficient recursive compu-
tations. Multi-section windows enable complex models, and
per-sample weights enable multi-stage processing and adaptive
smoothing. The proposed methods have been successfully ap-
plied to analyze the data of a clinical trial in human cardiology,
and they have been used over a long period of time to process
ECGs and other biomedical signals.

The main limitations of the proposed method are as follows.
First, complex models may need large matrices A, leading to
high computational costs (as discussed in Section III-H). Sec-
ond, the proposed method cannot handle significant superposi-
tions of independent pulses. This latter limitation is overcome
by the (more complex) method of [27] and [16, Part III].

We also mention that a generalization of the proposed ap-
proach from squared errors to polynomial cost functions was
proposed in [25].
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