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Abstract—The paper considers the joint estimation of multiple
constant or time-varying scale factors in linear Gaussian and non-
Gaussian models. A recently proposed variational NUP (normal
with unknown parameters) representation allows to address such
problems by iterated Gaussian message passing in a pertinent
factor graph. However, this method requires to adaptively tune
a hyperparameter for each scale factor, which hinders its use for
estimating multiple scale factors.

In this paper, we improve this NUP representation and replace
that hyperparameter by one that need not be tuned adaptively.
We then show the effectiveness and versatility of the proposed
approach by two applications: (i) elastic net regression with
automatic estimation of the regularization parameters, and (ii)
a state space model with joint estimation of piecewise constant
driving noise and piecewise constant observation noise.

Index Terms—factor graphs, variance estimation, regulariza-
tion, variational representations.

I. INTRODUCTION

NUP representations (normal with unknown parameters) [1]
are a generalization of NUV representations (normal with
unknown variance), which originate from sparse Bayesian
learning [2]–[5] and from variational representations of loss
functions [6], [7]. Such representations can be used to convert
nontrivial model fitting problems into iterated versions of least-
squares or Gaussian message passing [7]–[12], and thereby
offer a prospect of scalable hierarchical and multi-component
models that are computationally tractable.

In this paper, we consider the estimation of scale factors of
Gaussian or non-Gaussian priors using the NUP approach, for
the case where such scale factors are themselves governed by
a nontrivial model. A solution to this problem was proposed
in [1]. In the present paper, we improve the proposal of [1] by
replacing its problematic hyperparameter with one that need
not be actively controlled. We then show the effectiveness and
versatility of the proposed approach by its application to two
problems: first, elastic net regression with automatic estimation
of the regularization parameters; second, a state space model
with joint estimation of piecewise constant driving noise and
piecewise constant observation noise.

Throughout, we will use factor graphs and the message
passing notation as in [13], [14].
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Fig. 1. Factor graph of the setting of Section II.

II. IMPROVING THE NUP REPRESENTATION OF
A NON-GAUSSIAN MESSAGE PROPOSED IN [1]

A. Setting and Summary of the Proposal in [1]

Consider a setting as in Fig. 1 where R1, . . . , RK are
(scalar) Gaussian random variables that are inputs into
some statistical model (Model 1) with given observations
y̆1, . . . , y̆N . Let S2

1 , . . . , S
2
K be the variances of R1, . . . , RK ,

respectively; these variances are not fixed, but controlled by a
second statistical model (Model 2). For reasons that will be-
come clear below, Model 2 works with Z1

△
= S−1

1 , . . . , ZK
△
=

S−1
K rather than directly with S1, . . . , SK .
Our aim is to estimate all variables (i.e., all Rk, all Zk, and

all variables inside Model 1 and Model 2) by some algorithm
that repeats the following two steps until convergence:

1) For fixed Z1 = ẑ1, . . . , ZK = ẑK , compute estimates
r̂1, . . . , r̂K of R1, . . . , RK . In this step, R1, . . . , RK are
independent Gaussian random variables, and we assume
that estimation in Model 1 is straightforward in this case.

2) For fixed R1 = r̂1, . . . , RK = r̂K , compute new esti-
mates ẑ1, . . . , ẑK of Z1, . . . , ZK using Model 2.
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Fig. 2. About the trick proposed in [1]: the dashed boxes left and right
represent the same function (2).

The problem here is Step 2, for which we wish to use some
algorithm that is designed to work with Gaussian messages,
but

←−µZk
(zk) ∝ p(rk |zk) (1)

is not Gaussian in zk. Moreover, we do not wish to resort
to approximations (such as moment matching or the Laplace
approximation [15]).

In [1], a solution to this problem was proposed in form
of a NUP representation of (1) as summarized below. In the
following, we will focus on a single index k in (1) and drop
that index (e.g., Z = Zk).

The derivation in [1] begins with writing (1) as

1√
2πs2

exp

(
− r2

2s2

)∣∣∣∣∣∣
s = z−1

=
|z|√
2π

exp

(
−u2

2

)∣∣∣∣∣∣
u = rz

(2)

(cf. Fig. 2) and uses the NUP representation of the factor |z|
in (2) as

|z| = min
σ≥0

g(z, σ) with g(z, σ)
△
=

1

|σ|
exp

(
z2

2σ2

)
σ2e−1/2

(3)
with unique minimizer σ = |z|. For fixed σ = |ẑ| according
to some previous estimate ẑ, g(z, σ) is an improper Gaussian
factor in z with mean zero and “variance” σ2 = −ẑ2, and the
resulting message ←−µZ is Gaussian with mean ←−mZ = 0 and
variance ←−σ 2

Z =
(
r̂2 − ẑ−2

)−1
.

There are still two problems: (i) ←−σ 2
Z can be negative and

(ii) ←−mZ = 0 independently of r. Both problems can be
addressed by a suitable factor f(z) in Fig. 2 that encourages
ẑ ≥ 0. In [1], it was proposed to use f(z) = exp(−κ(z)) with

κ(z) =

{
0, if z ≥ 0
β|z|, if z < 0

(4)

for some β > 0. Using a NUP representation of f(z), we then
obtain a Gaussian message ←−µZ with variance and mean given
by

←−σ 2
Z =

(
r̂2 − ẑ−2 + β|ẑ|−1

)−1
and ←−mZ = β←−σ 2

Z . (5)

The parameter β needs to be controlled adaptively such that
←−σ 2
Z ≥ 0. But this fiddling with β affects the point to which

the algorithm converges, and we find that controlling multiple
such parameters can be challenging.

B. New Proposal

We now propose to choose the factor f(z) in Fig. 2 to have
the NUP representation f(z) = maxs h(z, s) = 1 with

h(z, s) = exp

(
− (z − s)2

2(αs)2

)
(6)

(with hyperparameter α) and update rule s = ẑ. The factor
f(z) does not bias the model, but (6) affects the dynamics
of the algorithm of Section II-A by expressing a preference
for z to be close to the previous estimate ẑ (akin to proximal
regularization [16], but with adaptive scaling of “close”). With
(6), we obtain

←−σ 2
Z =

(
r̂2+(α−2−1)ẑ−2

)−1
and ←−mZ = ←−σ 2

Zα
−2ẑ−1. (7)

Note that 0 < α ≤ 1 guarantees ←−σ 2
Z > 0 for r̂2 > 0. If the

algorithm is initialized with ẑ > 0, ←−mZ > 0 can be maintained
throughout.

Empirically, we find that any fixed α ∈ (0, 1] works (but
the choice affects the speed of convergence).

C. Modifications for EM Setting

As pointed out in [1], a natural alternative to the alter-
nating maximization algorithm of Section II-A is to estimate
Z1, . . . , ZK by expectation maximization (EM) [17], [18] (i.e.,
an empirical Bayes approach or type-II MAP estimation [2]),
which amounts to repeating the following two steps until
convergence:

1) For fixed Z1 = ẑ1, . . . , ZK = ẑK , compute E[R2
1], . . . ,

E[R2
K ] using Model 1.

2) Compute new estimates ẑ1, . . . , ẑK of Z1, . . . , ZK using
Model 2 with independent Gaussian messages ←−µZ1

, . . . ,
←−µZK

with

←−σ 2
Z =

(
E[R2] + (α−2 − 1)ẑ−2

)−1

(8)

and ←−mZ as in (7).
The details are omitted due to space constraints.

III. ESTIMATING A SINGLE COMMON VARIANCE

The point of the approach of Section II is to enable the
estimation of multiple variances or scale factors in nontrivial
multi-component models that are challenging for, or beyond
the reach of, classical methods such as cross-validation [1].

Nonetheless, as a sanity check, we now consider the esti-
mation of a single common variance. Specifically, consider
a statistical model where R1, . . . , RK are i.i.d. zero-mean
Gaussian random variables with unknown variance S2 and
where observations Y̆1 = y̆1, . . . , Y̆N = y̆N are given. We first
recall two ways to estimate this variance by standard methods.
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Fig. 3. Factor graph of Model 2 in Fig. 1 for the setting in Section III.

A. Joint ML/MAP Estimation by Alternating Maximization

Repeat the following two steps until convergence:
1) For fixed S = ŝ, compute estimates r̂1, . . . , r̂K of

R1, . . . , RK .
2) For fixed R1 = r̂1, . . . , RK = r̂K , compute a new

estimate

ŝ(new) = argmax
s

K∏
k=1

p(r̂k |s) (9)

= argmax
s

K∏
k=1

1√
2πs2

exp

(
− r̂2k
2s2

)
(10)

=

√√√√ 1

K

K∑
k=1

r̂2k. (11)

B. ML Estimation by EM

Expectation maximization with hidden variables
R1, . . . , RK (after some calculations) boils down to repeating
the following two steps until convergence:

1) For fixed S = ŝ, compute E[R2
1], . . . , E[R2

K ].
2) Compute new estimates

ŝ(new) =

√√√√ 1

K

K∑
k=1

E[R2
k]. (12)

C. Using the Proposed Method

Note that we have the situation of Fig. 1 with a general
(unspecified) Model 1 while Model 2 is simply a chain of
equality constraints as shown in Fig. 3.

Step 2 of the alternating maximization algorithm of Sec-
tion II amounts to scalar Gaussian message passing in Fig. 3,
which can easily be carried out analytically. We thus obtain

ŝ(new) =
(
ẑ(new)

)−1
(13)

=
(
r̂2 + (α−2 − 1)ŝ2

)α2

ŝ
(14)

= (1− α2)ŝ+ α2 r̂
2

ŝ
(15)

with ŝ
△
= ŝ(old) and

r̂2
△
=

1

K

K∑
k=1

r̂2k or r̂2
△
=

1

K

K∑
k=1

E[R2
k], (16)

where the second version results from using (8) instead of (7).
It is easily verified that (15) with the two versions of (16) has
the same fixed points as (11) and (12), respectively.

We empirically observe that α = 1 works, but (in this
example) smaller values of α make the algorithm converge
faster.

IV. AUTOMATIC ELASTIC-NET REGULARIZATION

In this section, we consider a model that is more complex,
but still within the reach of specialized prior-art methods.

A. The Problem

Consider the elastic net problem [19], which is to compute
the minimizer u ∈ RK of

1

2σ2
0

∥y̆ −Au∥22 +
1

s1

K∑
k=1

|uk|+
1

2s22

K∑
k=1

u2
k (17)

for given A ∈ RN×K , y̆ ∈ RN , and σ0, s1, s2 > 0. We
are here interested in automatically determining also “good”
parameters σ0, s1, s2 in a Bayesian setting. (One of these
parameters is obviously redundant, but we will find it helpful
to use all three of them.)

B. Statistical Model and Factor Graph

For fixed σ0, s1, s2, the minimizer u of (17) equals the
maximizer u of

N∏
n=1

1√
2πσ2

0

exp

(
− (cnu− y̆n)

2

2σ2
0

)
pS1

(s1)pS2
(s2)

·
K∏

k=1

1

2s1
exp

(
−|uk|

s1

)
· 1√

2πs22
exp

(
− u2

k

2s22

)
, (18)

where cn ∈ R1×K denotes the nth row of A, and pS1
and

pS2
are optional (and possibly improper) priors on S1 and S2,

respectively. Note that (18) admits a meaningful joint MAP
estimate of σ0, s1, s2 and u.

Let bk = (0, . . . , 0, 1, 0, . . . , 0)T ∈ RK (with a single “1”
at position k). Using the decomposition

Xk
△
= Xk−1 + bkuk (19)

with X0
△
= 0 (resulting in XK = U ), and using Z0

△
= σ−1

0 ,
Z1

△
= S−1

1 , and Z2
△
= S−1

2 , the model (18) can be represented
by the factor graph in Fig. 4, where pS1

and pS2
are replaced

by equivalent priors pZ1
and pZ2

, respectively.

C. Required NUP Priors

The factor graph of Fig. 4 is amenable to maximization
by Gaussian message passing, treating the inverter nodes as
proposed in Section II. In addition, we need the well-known
NUP representation of the Laplace distribution [6], [7],

L(ek; 0, 1) =
1

2
exp(−|ek|), (20)

which yields
−→mEk

= 0 and −→σ 2
Ek

= |êk|. (21)

With this NUP representation, a Gaussian message ←−µZ′
k

can
be obtained using (7) or (8); from the latter, we obtain

←−σ 2
Z′

k
=

(
E[U2

k ]
−→σ 2
Ek

+ (α−2 − 1)ŝ21

)−1

and ←−mZ′
k
= ←−σ 2

Z′
k
α−2ŝ1.

(22)
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Fig. 4. Factor graph of the Elastic Net model (18) with unknown scale factors
σ0, S1, S2. The variables X0, . . . , XK = U take values in RK ; all other
variables are scalars. The factor L(0, 1) denotes (20).

We further (heuristically) choose the (improper) priors pZ1

and pZ2
to have the NUV form

pZν
(z;σν) ∝ N (z; 0, σ2

ν)σ
1−βν
ν (23)

with βν ≥ 1, which discourages ẑν → ∞ (i.e., ŝν → 0). The
EM update rule for σν is well-known [1, eq. (II.3)] to be

σ2
ν = E[Z2

ν ]/βν . (24)

D. Proposed Algorithm

The proposed algorithm iterates between Gaussian message
passing for fixed parameters σ0, S1, S2, and updating these
parameters using (8). Specifically:

1) Initialize σ̂0, ŝ1, ŝ2,
−→σ 2
Ek

, σ̂1, σ̂2. Set β1 = β2 = 1 in (23).
2) For fixed σ0 = σ̂0, S1 = ŝ1, S2 = ŝ2, compute E[Uk],

E[U2
k ], E[Y 2

n ], and êk = E[Uk]/ŝ1 by Gaussian message
passing (preferably by the BIFM algorithm or the aug-
mented MBF algorithm [14]).

3) Only every 5th iteration: compute E[Z0],E[Z1],E[Z2] as
well as E[Z2

1 ] and E[Z2
2 ] using (8) and (22) and scalar

Gaussian message passing. Then set σ̂0 = E[Z0]
−1, ŝ1 =

E[Z1]
−1, ŝ2 = E[Z2]

−1. Then update σ̂1 and σ̂2 by (24).
4) Update −→σ 2

Ek
using (21).

5) Repeat from Step 2 until convergence, or until ŝ1 or ŝ2
are smaller than 10−4; in the latter case, increase both β1

and β2 by 5 and restart with Step 1.
The computational complexity is dominated by Step 2.

Concerning the last step, increasing β1 and β2 more than once
is rarely necessary.

Obviously, there are several heuristic choices in this algo-
rithm. In particular, the priors (23) and the increase of its
parameters β1 and β2 in Step 5 are heuristics to prevent the
algorithm from diverging with ẑ1 → ∞ or ẑ2 → ∞.

E. Numerical Experiments

We demonstrate the viability of the NUP approach by
comparing the proposed algorithm with two specialized prior-
art methods for a linear regression problem with automatic
feature selection.

In the experiments, each row of the matrix A ∈ RN×K is
independently generated according to some probability law
as specified below. The observation vector y̆ is generated
according to y̆ = Au +W , where u ∈ RK is a fixed ground
truth (with some zero components) and the noise W is a
random vector with i.i.d. normal components with mean zero
and variance σ2

W . For testing, a second matrix A′ ∈ RN ′×K

and a second observation vector y̆′ ∈ RN ′
is generated in the

same way (and with the same ground truth u) as A and y̆,
respectively.

We consider three different scenarios, which are similar to
those in [20]:
Scenario 1: u = (3, 1.5, 0, 0, 2, 0, 0, 0)T, N = 40, N ′ = 200,

and σ2
W = 9. Each row (a1, . . . , a8) of A ∈ RN×8 and

A′ ∈ RN ′×8 is generated according to the multivariate
normal distribution with mean 0, variance 1, and corre-
lation 0.5|k−k′| between ak and ak′ .

Scenario 2: u = (3, ..., 3︸ ︷︷ ︸
15

, 0, ..., 0︸ ︷︷ ︸
15

)T, N = 200, N ′ = 400,

and σ2
W = 25. Each row (a1, . . . , a30) of A ∈ RN×30

and A′ ∈ RN ′×30 is generated as follows. First, b1, b2,
and b3 ∈ R are generated independently from N (0, 1).
Then ak = b1 + ϵk for k = 1, . . . , 5, ak = b2 + ϵk for
k = 6, . . . , 10, ak = b3 + ϵk for k = 11, . . . , 15, where
ϵ1, . . . , ϵ15 are generated i.i.d. from N (0, 0.01). Finally,
a16, . . . , a30 are generated i.i.d. from N (0, 1).

Scenario 3: u = (3, ..., 3︸ ︷︷ ︸
10

, 0, ..., 0︸ ︷︷ ︸
10

, 3, ..., 3︸ ︷︷ ︸
10

)T, N = 25, N ′ =

30, and everything else is as in Scenario 2. Note that
N < K in this case.

We report three different figures of merit:
Median MSE on test data: the median of 1

N ′ ∥A′û − y̆′∥2
over 500 trials, each trial with new matrices A and
A′, and new y̆ and y̆′. We also give the bootstrapped
standard deviation (std) obtained from 500 samples (with
replacement) from these 500 MSE values.



TABLE I
EXPERIMENTAL RESULTS FOR THE ELASTIC NET: STANDARD ELASTIC NET WITH 10-FOLD CROSS-VALIDATION [19], BAYESIAN ELASTIC NET [20], AND

PROPOSED METHOD (WITH α = 1; OTHER VALUES OF α YIELD VIRTUALLY IDENTICAL SCORES). THE BEST NUMERICAL SCORES ARE SET IN BOLD.

Scenario 1
(
A ∈ R40×8

)
Scenario 2

(
A ∈ R200×30

)
Scenario 3

(
A ∈ R25×30

)
Algorithm median MSE

(boot. std.) MCC average
∥û− u∥2

median MSE
(boot. std.) MCC average

∥û− u∥2
median MSE
(boot. std.) MCC average

∥û− u∥2
ElNet with CV [19] 10.61 (0.08) 0.51 1.46 26.53 (0.11) 0.72 4.28 69.88 (1.47) 0.29 9.62
Bayes. ElNet [20] 10.82 (0.06) 0.51 1.55 28.89 (0.20) 0.47 5.01 88.43 (2.72) 0.55 7.84
Proposed 10.54 (0.07) 0.44 1.43 27.00 (0.09) 0.43 4.25 63.88 (1.22) 0.52 6.24

MCC: The Matthews correlation coefficient [21] measures
the success in identifying the nonzero components of u:

MCC =
TP · TN − FP · FN√

(TP + FP)(TP + FN)(TN + FP)(TN + FN)
(25)

where TP, TN, FP, FN are the entries of the confusion
matrix, and MCC = 1 is the perfect score. We identify
ûk as “zero” if |ûk| < 0.1.

Estimation error: the average of ∥û−u∥2 over the 500 trials.

Table I reports the results with the algorithm of Section IV-D
and two prior-art methods: In [19], the (effectively two) scale
factors in (17) are determined by 10-fold cross-validation; in
[20], û is determined by Gibbs sampling on a probability
density function that is more complicated than (18).

Note that Table I supports the claim that, in these simu-
lations, the proposed method is competitive with specialized
prior-art methods. Note also that the proposed method can
easily be adapted to LAD-lasso [22], fused lasso [23], group
lasso [24], etc.

V. ESTIMATING PIECEWISE CONSTANT OBSERVATION
NOISE AND PIECEWISE CONSTANT DRIVING NOISE OF A

RANDOM WALK

Estimating the variance of the driving noise in a state
space problem is not an easy problem [25]–[28], and the joint
estimation of time-varying driving noise variance and time-
varying observation noise variance remains challenging. We
now demonstrate by an example that the proposed approach
can handle such problems. (Quantitative evaluations and com-
parisons are beyond the scope of the present paper.)

Consider a simple state space model with a scalar state Xk

that develops according to

Xk+1 = Xk + Uk (26)
Y̆k = Xk +Rk, (27)

with driving noise Uk ∼ N (0, σ2
Uk

) such that, conditioned on
σ2
Uk

(for all k), Uk, Uk+1 . . . are independent. The variances
σ2
Uk

are not fixed, but piecewise constant with unknown level
jumps at unknown change points. Likewise, the observation
noise Rk ∼ N (0, σ2

Rk
) has piecewise constant variances σ2

Rk

with unknown level jumps at unknown change points. We
observe Y̆k = y̆k (for all k) and wish to jointly estimate Xk,
σUk

, and σRk
.

−100

0

100

200

noisy data estimated

10

15

20
true σRk

estimated σRk

0 200 400 600 800

5

10 true σUk

estimated σUk

Fig. 5. Simulation example for Section V. Top: given noisy data y̆k and final
estimate of Xk . Middle: true and estimated observation noise std. dev. σRk

.
Bottom: true and estimated driving noise std. dev. σUk

.

As suggested in [1], we use a state space model for ZUk

△
=

σ−1
Uk

of the form

ZUk+1
= ZUk

+ JZk
(28)

with sparse i.i.d. JZk
, JZk+1

, . . . (with a sparsifying NUP
prior), and likewise for ZRk

△
= σ−1

Rk
. The estimation amounts

to iterating the following steps until convergence:
1) For fixed σ2

Uk
and σ2

Rk
, compute posterior means and

variances of Xk, Uk, Rk by Gaussian message passing.
2) Using (8), estimate ZUk

by Gaussian message passing,
and likewise for ZRk

.
An exemplary simulation is shown in Fig. 5. The improvement
proposed in Section II is critical for the stability and reliability
of the algorithm.

VI. CONCLUSION

We improved the NUP representation from [1] by replacing
its annoying hyperparameter by one that need not be actively
controlled. We then demonstrated the use of this approach
by its application to automatic elastic net regularization and
to joint estimation of observation noise and driving noise in
a state space model. The point of these examples is not the
specific application, but to demonstrate the viability, versatility,
and scalability of the (now improved) proposal of [1].
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